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models for analytical failure detection and isolation. The models are in 
“statistically-isolable” structure that prevents incorrect isolation deci- 
sions under marginal failure size if the residuals are tested in parallel. Of 
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made on the basis of sensitivities with respect to different failures and 
robustness relative to uncertainties in selected parameters of an 
underlying model. A complete set of parity equations fitting the isolable 
structure is first generated from a state-space model. The equations 
unsuitable for sensitivity are eliminated, and a suboptimally-robust diag- 
nostic model is obtained in a constrained discrete search over the 
remaining set. 

Janos Gertler 
Qiang Luo 

School of Information Technology and 
Engineering 

George Mason University 
Fairfax, VA 22030 

Introduction 

The detection and diagnosis of failures in the plant and in its 
instrumentation have always been one of the main functions of 
computerized plant monitoring systems. While most of the 
implemented systems still rely on checking plant measurements 
against fixed limits, several more advanced methods have also 
been developed. These include mulitple sensors, special sensors 
(such as limit sensors, noise, and vibration) and the frequency 
analysis of plant signals. If a reasonably accurate model of the 
plant is available or if it can be obtained by identification, this 
model may be utilized in analytical failure detection tech- 
niques. 

A significant class of analytical failure detection and isolation 
(diagnostic) methods is based on the input-output model of the 
system. In the traditional chemical engineering practice, bal- 
ance equations have been used for this purpose; these are usually 
static and restricted to extensive variables (mass and energy). A 
more general approach utilizes the complete dynamic system 
model. Such “generalized” balance equations are also called 
parity equations. These and other analytical techniques have 
been recently surveyed by Gertler (1988). 

The value a parity equation returns, called residual, is ideally 
zero. With real data, the residuals are usually nonzero, due to 
noise, modeling errors and occasional failures in the plant, actu- 
ators or sensors. To account for the effect of random noise, fail- 
ure decisions are usually based on statistical tests applied to the 
residuals. Such testing may be performed sequentially using 
some aggregate statistic or in parallel, separately for each resid- 
ual. In the latter case, special model structures may enhance 
failure isolation. 

Vaclavek (1974) proposed parallel statistical tests on the 
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short-term averages of balance equation residuals. Almasy and 
Sztano (1975) detected bias faults on the basis of the size of ele- 
ments in a trnasformed residual vector. Iordache et al. ( 1  985) 
applied parallel tests to measurement residuals following data 
reconciliation. A geometric theory of static parity equations was 
presented by Potter and Suman (1977). Ben Haim (1980) used 
redundant balance equations for residual generation. Chow and 
Willsky (1984) proposed a systematic procedure to generate 
parity equations from the state-space representation of a dy- 
namic system. Sequential algorithms were proposed by Mah et 
al. (1976), Romagnoli and Stephanopoulos ( 1  981), and Crowe 
(1988). Kramer (1987) integrated balance models into diagnos- 
tic expert systems, replacing boolean test results with smoothed 
belief functions. 

A fundamental issue of diagnostic algorithms is isolability, 
that is, the ability of the algorithm to distinguish different fail- 
ures. If the residuals are investigated separately, in  parallel, 
then this isolability property requires residuals that are orthogo- 
nal to certain failures. This places a constraint on the structure 
of the set of parity equations. Ben Haim ( 1980) formulated a 
structural requirement along these lines, with the implicit 
assumption that the test thresholds are close to zero (“determin- 
istic isolability”). He also suggested (1983) a model transfor- 
mation to attain such structures for dynamic systems. A more 
general isolability condition, that prevents incorrect isolation 
decisions under marginal size failures (“statistical isolability”), 
was introduced by Gertler and Singer ( 1985, 1990). A transfor- 
mation technique was also presented that, when applied to the 
original input-output model of the plant, produces the desired 
parity equations. 

The sensitivity of parity equations to certain failures is an 
important consideration in the design of the diagnostic system. 
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While sensitivities may be controlled by the appropriate filter- 
ing of the residuals (Gertler and Singer, 1985), their ratio 
within a given parity equation remains constant. To charac- 
terize the quality of parity equations from this point of view, the 
concept of "sensitivity condition" will be introduced in this 
paper. 

While static balance equations are free of modeling errors, 
this is usually not the case if dynamic system models are con- 
cerned. The inevitable errors in most dynamic models may seri- 
ously interfere with the detection and isolation of failures. 
Therefore, robustness relative to such errors is a critical issue in 
the design of diagnostic algorithms. Chow and Willsky (1984) 
formulated a conceptual minimax framework for robust design. 
Subsequently, Lou et al. (1986) developed a design methodology 
that provides the most robust parity equations given a finite set 
of uncertain plant models. As an alternative and perhaps more 
practical approach, the concept and measure of "partial robust- 
ness" was introduced (Gertler, 1986). 

The subject of the present paper is a complete design proce- 
dure that generates the "most robust" parity equation model 
within the structure needed for statistical isolability while 
simultaneously satisfying certain minimum sensitivity condition 
requirements. The individual equations are obtained from a 
state-space description of the plant by the Chow-Willsky tech- 
nique, modified to provide for orthogonality with respect to 
selected failures. The sensitivity condition is computed for each 
equation, together with the partial robustness measures relative 
to uncertainty in selected underlying model parameters. The 
equations not meeting the required sensitivity ratio are elimi- 
nated from the set. The most robust model is then found in a 
constrained discrete search over the reduced set of equations. 
For the search procedure, both a global and local variant have 
been developed. 

The complete procedure has been computer-implemented 
(Luo, 1989). Its operation will be demonstrated on a design 
example using a linearized dynamic model of a nine-plate distil- 
lation column (Takamatsu et al., 1979). 

Problem Description 
Consider a linear (linearized) plant with inputs u(t )  = 

[ u l ( t ) ,  . . . , u,(t)lTandoutputsy(t) = [ y l ( t ) ,  . . . , y ,  (?)IT. The 

plant is described by a discretized model. It is assumed that the 
plant parameters are constant. A state-space model can be writ- 
ten as 

~ ( t )  = A x ( t  - 1) + Bu(t - I )  + Lw(t - 1)  

y ( t )  = C x ( t )  + Du(t )  ( 1 )  

Here x ( t )  = [ x r ( t ) ,  . . . , x,(t)] '  is the state vector, w ( t )  is the 
plant noise, and A ,  B, C, D, L are system matrices of appropri- 
ate size. 

Introduce the backward shift operator z-I. With this, the 
state equation can be rewritten as  

Solving for the output yields 

~ ( t )  = C(Z - z-'A)-'[z-'Bu(t) + z-'Lw(t)] + Du(t) 

(3) 

where C(z- ' )  and E(z- ')  are matrix polynomials and h ( z - ' )  is a 
scalar polynomial in the shift operator: 

Equation 3 can also be written as 

H ( z - ' ) y ( t )  = C(z- ' )u( t )  + E ( z - ' ) w ( t )  (5) 

Here H ( z - ' )  is a diagonal matrix. 
The inputs u( t )  may be subdivided into three groups: 
1. Measured inputs u,,,(t). These are not controlled (at least 

locally) but are measured using some sensor (Figure 1). Their 

sensor sensor 
bias 
A U M  (t) 

measurement 
chi (t) 

Figure 1. Measured input. 
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measured value ii,(t) is subject to measurement noise 6u,(t) 
and, potentially, a bias type sensor fault AuM(t):  

input  

i i M ( t )  = sM(t) + &u,(t) + Au,(r) (6 )  

PLANT input  ACTUATOR 

2. Controlled inputs u,-(t). These are controlled, usually by 
some actuator, but not measured. Now ii,-(t) is the intended 
(computed) input value and uc( t )  is its realization by the actua- 
tor. The actuator noise 6u,-(t) and any potential actuator fault 
Au,(t)  are transformed on the actuator input to facilitate uni- 
form treatment with the measured inputs (Figure 2): 

ii,-(t) = uc( t )  + 6u,-(t) + Au,-(t) ( 7 )  

3. Disturbance inputs u,(t). These are neither measured nor 
controlled. Normally they are zero; any nonzero value may be 
considered as a plant fault. 
The outputs y ( t )  are all measured; their measured value j ( r )  
is subject to measurement noise 6 y ( t )  and, potentially, bias type 
sensor fault Ay(t) 

J ( t )  = y ( t )  + &Y(t )  + AY(t)  (8) 

Any input-output relationship qualifies as a parity equation 
(generalized balance equation), provided that it contains only 
accessible (measured or controlled) variables and is satisfied 
under ideal (noise- and failure-free) situations. Equation 5, with 

the plant disturbances uD(t )  and plant noise w ( t )  omitted, pro- 
vides a set of M linearly independent such equations: 

H ( z - ' ) y ( t )  = G,( z - ' )u , (~ )  + C,-(z-')uc(t) (9) 

Where C,(z-')  and C,(z-') are the appropriate submatrices of 

Practically, this equation can only be computed with the avail- 
able quantities i i M ( t ) ,  i i c ( t ) ,  J ( t )  and usually will not be exactly 
satisfied, due to the noises and potential faults. The equation 
error or residual r ( t )  is obtained as 

C(z-  I ) .  

r ( t )  = [G,(z-'),Gc(z-'), -H(Z- l ) ]  = F(z-I)q( t )  (10) 

Here q ( t )  denotes the combined measurement vector (including 
the controlled inputs) and F(z - ' )  the combined coefficient ma- 
trix. Equation 10 is the "external" or computational form of the 
parity equations. To see how the residuals depend on the noises 
and faults, substitute Eq. 5 through 8 into the external equation. 
This leads to the following "internal" form: 

r ( t )  = F(z-')Gq(t)  - E ( z - ' ) w ( t )  

+ F ( z - ' ) A q ( t )  - G,(z-')u,(t) ( 1  1) 

a. Actuator noise and bias 

desired 
input  - 
ii c (t> 

actuator 
noise 

actuator  
bias 

A u  c( t )  

b. Noise and bias transformed on the actuator input 

Figure 2. Controlled input. 
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Here 6 q ( t )  and Aq( t )  are the noise and faults, respectively, asso- 
ciated with the combined vector q(t) .  

Note that any discrepancy between the plant model and the 
true plant parameters would also contribute to the residuals. 
Such discrepancies may be due to multiplicative (parametric) 
plant faults or to modeling errors. The former will not be treated 
in this paper. Modeling errors will be discussed in a later sec- 
tion. 

Statistical Testing 
As pointed out earlier, the residuals are subjected to statisti- 

cal testing, in order to separate failures (that, once appeared, are  
assumed to stay) from the random effects of noise. While other 
testing approaches (like forming an aggregate scalar statistic 
over the vector of residuals) are also possible, in the methodol- 
ogy discussed here the residuals are tested individually, in paral- 
lel. Besides the obvious simplicity of this approach, our primary 
motivation has been the natural link from parallel testing to par- 
allel fault isolation. 

To establish the test thresholds, consider Eq. 11, with the 
assumption that there is no failure in the system 

r ( t )  = F(z-’)Gq(t)  - E(z - l )w( t )  

Now r ( t )  is a random vector, determined by the noises 6q(t)  and 
w ( t )  via a discrete moving average relationship. If the noises are  
normally distributed with zero mean, so are the residuals. If the 
noise variances are known (or guessed) the variances of the 
residuals can be computed. Assuming that the noises are white 
and 6q( t )  is independent of w ( t ) ,  the zero-shift covariance 
matrix S, of the residual vector is obtained as 

n 

s, = [FIS,FT + E,S,ETI 
1-0 

where S, and S, are the (zero shift) covariance matrices of 6q(t)  
and w ( t ) ,  respectively. Furthermore, if S, and S, are diagonal, 
then the individual residual variances may be computed as 

where fly and elij are the ijth element of Fl and El, respectively. 
The test thresholds are defined as a multiple of the residual’s 

standard deviation. To avoid frequent false alarms, usually high 
thresholds are selected. 

The test thresholds may be reduced, without increasing the 
frequency of false alarms, by filtering the residuals (Gertler and 
Singer, 1985). A separate and potentially different filter may be 
applied to each residual. The filter can be designed in such a way 
that the variance of the filtered residual is much smaller than 
the variance of the original one while their means (the effect of 
an occasional failure) are the same. 

Consider, for example, a second-order discrete filter: 
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The shown choice of the numerator guarantees that the filter 
has unit gain with respect to the mean. By selecting a particular 
filter structure (e.g., Butterworth filter) all filter parameters 
become determined by a single parameter. A formula to com- 
pute the variance of the filtered residual, under the assumption 
of zero mean, whiteness and mutual independence of the noises, 
is given in the Appendix. 

Note that filtering, while lowering the thresholds, also intro- 
duces a delay in detection. In many cases, however, this delay is 
only apparent since detection would, in fact, never happen with- 
out lowering the threshold. 

Sensitivity 
While the test thresholds for each parity equation are deter- 

mined by the noise with no regard to the failure sizes, the ques- 
tion arises what size of failures will then drive the residuals to 
their respective thresholds. Since in the presence of a failure any 
residual is the combined effect of this failure and noise, it is 
more accurate to ask what size of failure will drive the mean of 
the residual’s distribution to the threshold or, equivalently, what 
is the critical size of a failure that results in a residual equal to 
its threshold if the instantaneous value of the combined noise is 
zero. 

A sensitivity measure along these lines, called “triggering 
limit,” was introduced in earlier work (Gertler, 1986). Obvious- 
ly, the triggering limit depends on the threshold and on the 
“gain” of the parity equation relative to the failure. In a 
dynamic environment, further clarifications are necessary: one 
may assume that the failure acts as a step function and then the 
gain may be defined by its steady-state value or maximum tran- 
sient. This leads, for example, to the following definition for the 
triggering limit py: 

Here qi is the threshold for the ith residual and If i / (z-’)  I denotes 
the steady-state gain belonging to the j th  failure in the ith equa- 
tion. Note that the triggering limit, in general, is different for 
each failure within a given parity equation and also in each 
equation for a given failure. 

An alternative and probably more practical sensitivity mea- 
sure can be obtained by defining, as  part of the problem specifi- 
cation, the nominal value A@ for each failure variable that 
should, under zero instantaneous noise, bring the given residual 
to its threshold, Assuming again a step function failure, a stea- 
dy-state sensitivity number may be computed as 

Ideally, each sensitivity number should be 1. If the threshold 
is adjusted by filtering, the sensitivity numbers change accord- 
ingly. The necessary adjustment for any given equation may be 
determined by its maximum or average sensitivity number. 

Filtering does not influence the ratio of sensitivity numbers 
within a parity equation. The maximum ratio will be called the 
“sensitivity condition” K~ of the equation 

(18) 
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The sensitivity condition is the most important sensitivity mea- 
sure of a parity equation. Ideally it should be l;  if it is much 
larger, then there is an obvious imbalance among the different 
failures in the equation. If the threshold is adjusted, by filtering, 
to satisfy the failure with the smallest sensitivity number, fail- 
ures with larger sensitivity numbers have to exceed their nomi- 
nal value significantly to trigger the test. On the other hand, if 
the threshold is adjusted to the largest sensitivity number, fail- 
ures with smaller sensitivity numbers will trigger the test even if 
their size is a fraction of the nominal value, causing false alarms 
and seriously hindering failure isolation. Since the sensitivity 
condition of any given parity equation cannot be influenced, 
equations with excessive condition measure should be identified 
and eliminated from the design. 

Modeling Error Robustness 
Dynamic plant models are inevitably subject to modeling 

errors. This may be due to linearization, lower-order approxima- 
tion of higher-order systems or simply parameter errors. Model- 
ing errors interfere with model-based failure detection and 
isolation in that they contribute some additional terms to the 
residuals. 

Assume the model P ( z - ’ )  describes the true plant F(z - ’ j  
with a modeling error AF(z-I): 

P ( P )  = F ( z - l )  + AF(z - I )  (19) 

The computation of residuals may be based only on the model 
(the true plant is not known), so Q. 10 becomes: 

This changes the internal form (Eq. 11) of the residual equation 
to 

r ( t )  = i ? ( z - ’ ) sq ( t )  - E ( z - ’ ) w ( t )  + P ( z - l ) A q ( t )  

That is, the coefficients associated with the measurement faults 
and noise are those of the model (and not of the true plant), and 
there is an additional modeling error term. The “coefficient” of 
the modeling error is the (true) variable vector q ( t )  indicating 
that the effect of the modeling errors on the residuals depends on 
the operating point. 

By robustness of a parity equation or .of an entire model we 
mean its insensitivity to modeling errors. Such robustness may 
be defined with the worst case error of all the model parameters 
in mind (Chow and Willsky, 1984) or with the assumption that 
there is a discrete set of uncertain models (Lou et al., 1986). We 
find it more practical to work with “partial robustness” with 
respect to certain underlying parameters. Such underlying pa- 
rameters may be selected ones of the state space model or those 
of some physical/chemical description of the plant. 

Partial robustness relates a single residual to a single underly- 
ing parameter. A direct measure of such robustness may be 
defined as the residual caused by the selected modeling error, if 
there are no failures and the instantaneous noise is zero, divided 
by the test threshold (Luo, 1989). Alternatively, the limit value 
of the parameter error that triggers the statistical test on the 
residual, with no failure or noise contributing, may be used as 
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the measure of partial robustness (Gertler, 1986). In either case, 
the robustness measure depends on the test thresholds and on 
the operating point. For dynamic systems, the most recent n + 1 
values of the plant variables need to be specified (n is the order 
of the system); usually it suffices to assume that they are con- 
stant. 

Denote the vector of uncertain underlying parameters by 8. 
Then each element Af i , ( z - ’ )  of the matrix AF(2- l )  is a function 
of AO, the modeling error associated with 8. Thus a residual r i ( t ) ,  
obtained from Eq. 21 with all faults and noises zero, can be 
described as 

i 

1 ntroduce 

40, = L O . .  . o AO/ o ., . olT (23) 

to describe the situation when all but one (the Ith) of the 
underlying parameters are accurate. Then the direct measure of 
partial robustness with respect to this parameter is obtained as 

where vi is the test threshold for r i ( t ) .  Finally, the limit value of 
AO, that triggers the test on r i ( t )  is obtained as 

where sol [. . . }  indicates the solution of the equation in the 
brackets. The solution may be obtained analytically or, if the 
relationship is strongly nonlinear, numerically. Note that, if the 
residual depends linearly on the parameter uncertainty, then the 
two measures are equivalent, 

For a model consisting of several parity equations and with a 
number of underlying parameters selected, the robustness situa- 
tion is described by a matrix of partial robustness measures. A 
model is as robust relative to a selected underlying parameter as 
its least robust equation. 

lsolability Conditions 
As we pointed out in the Introduction section, our primary 

concern in this work is the generation of models that guarantee 
failure isolability and are (sub)optimal for modeling error 
robustness. The concept and conditions of isolability will be out- 
lined in this section; for more on the subject, refer to some earlier 
publications (Gertler and Singer, 1985; Gertler, 1988). 

The residuals are subjected to statistical testing individually, 
each test yielding a boolean decision. Testing a set of residuals 
results in a boolean signature vector that provides a basis for the 
failure decision. In such a decision-making framework, the iso- 
lation of failures may be significantly enhanced if each residual 
is orthogonal to certain failures. Orthogonality means that the 
residual is not influenced by the given failure: that is, there is a 
zero coefficient a t  the concerned position of the system matrix. 
For example, each residual in Eq. 11 is orthogonal to all but one 
output sensor fault since the H ( z - l )  matrix is diagonal. 

As can be seen, isolability is related closely to the structure of 
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the parity equations. This structure may be characterized best 
by the system’s incidence matrices. An incidence matrix is a 
boolean representation of a model matrix, any zero model 
parameter represented by zero and any nonzero parameter by 1. 
Each column of the incidence matrix is associated with an input 
or output variable, that is, with a potential failure (cf. Eqs. 10 
and 11). Ideally, the boolean signature in response to a single 
failure is identical with the respective column of the incidence 
matrix. 

For any single failure to  be detectable, the respective column 
of the incidence matrix must not be all zero. If there is no noise 
or the thresholds of the tests are set relatively low, then two sin- 
gle failures are isolable from each other provided their columns 
in the incidence matrix are different (low threshold or determin- 
istic isolability). 

Usually, the test thresholds are set high to reduce the occur- 
rence of false alarms. In this situation, a fault of marginal size 
may trigger the test on some of the residuals while not triggering 
it on some others. To avoid false failure decisions when this hap- 
pens, a special “high-threshold” (“statistically”) isolabile model 
structure is necessary. High-threshold isolability is achieved 
most easily by “column canonical” incidence matrices, ones that 
have the same number of zeroes in each column, each in a dif- 
ferent configuration. 

Of the following three incidence matrices, a, signifies a sys- 
tem that is not isolable in either sense, one that is determinis- 
tically isolable but statistically not, and a3 one that is isolable 
in both senses. The example also illustrates that isolability can 
be achieved by introducing appropriately-structured new parity 
equations (as substitutes or additions) to the original set. 

- - 

The parity equations shown in Eqs. 10 and 11 are column 
canonical, that is, statistically (high-threshold) isolabile for the 
outputs but not for the inputs (in fact, they are  not even low- 
threshold isolabile for the inputs). To achieve complete column 
canonical structures, a different set of parity equations needs to 
be generated. This will be discussed in a forthcoming section. 

- -  
C 

CA 

cA2 x( t  

CA” 

Generating Orthogonal Residuals 
As we pointed out earlier, the idea of isolability hinges on the 

orthogonality of residuals to certain system variables and the 
associated faults. The residuals obtained in Eqs. 10 and I1 are 
orthogonal to all but one of the outputs (each one containing a 
different output), but in general they are  not orthogonal to any 
input. To attain orthogonality to selected inputs, additional par- 
ity equations are necessary. 

The generation of residuals with specific orthogonality prop- 
erties may be posed as a transformation applied to the “prima- 
ry” input-output models (Eqs. 10 and l l) .  This approach was 
first outlined in Gertler and Singer (1985) and later explored in 
more detail in Gertler and Singer ( 1  990). The method is concep- 
tually straightforward but computationally somewhat complex 
(among other things, it requires the finding of common factors 
among polynomials). 
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In the present paper, another method for generating orthogo- 
nal residuals will be discussed. It is based on a general procedure 
by Chow and Willsky (1984). The structural constraints by the 
isolability requirements will be superimposed on the original 
Chow-Willsky procedure. This approach is conceptually indi- 
rect but computationally simple. The resulting parity equations 
are the same as the ones obtained by model transformation. 

Consider the state equations (Eq. 1) of the plant. The second 
equation describes the output y ( t )  as 

Now y ( t  + 1) may be obtained by substitution as 

y ( t  + 1) = CAr(t) + CBu(t )  + Du(t )  

Similarly y ( t  + s) for any s > 0 is obtained as 

y ( t  + s) = CASx( t )  + CA”- ’Bu( t )  + . - . 
+ CBu(t + s - 1) + Du(t + 5) (28) 

Collecting the equations for s = 0 . . . n (and shifting the time 
variable by n) yields the following scheme: 

v(t - n)  
y ( r - n + l )  

r(t - n + 2) 

D 

C B  D 

CAB CB 

or in compact form 

Y ( t )  = Q x ( ~  - n) + RU(t )  (30) 

For a system with m outputs and k inputs, vector Y ( t )  is (n + 
1) x m long and vector U ( t )  is (n + 1 )  x k long. Matrix Q has 
(n + 1) x m rows and n columns while matrix R has ( n  -t 1) x 
m rows and ( n + 1) x k columns. 

Premultiplying Eq. 30 with a row vector wT, ( n  + 1) x m 
long, yields a scalar equation: 

oTY(t)  = wTQx(t - n) + wTRU(t)  (31) 

In general, this equation will contain a mix of input, output and 
state variables. It will qualify as a parity equation only if the 
state variables disappear. This requires that 

wTQ = 0 (32) 

That is, the (n + 1) x rn elements in wT have to satisfy a set of n 
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homogeneous equations. If the system is observable, these n 
equations are independent. (Matrix Q may be recognized as  the 
observability matrix, with one row, CA” added. If the system is 
observable, Q has rank n: that is, the n columns are indepen- 
dent.) Therefore, (n + 1) x m - n elements may be chosen 
freely. However, to obtain a nontrivial solution, a t  least one of 
the free elements must be nonzero. This leaves (n + I )  x 
( m  - 1) potential zero elements. 

To make a parity equation orthogonal to an output y , ( t ) ,  all 
occurrences of yi have to disappear from the equation: that is, 
y , ( t ) , y , ( t  - l), . . . ,yi(t - n ) .  This requires n + 1 zeroes in uT, 
appropriately positioned. Thus a parity equation may be made 
orthogonal to up to m - 1 outputs. In fact, choosing one output 
a t  a time to stay, this technique regenerates the input-output 
equations (Eq. 5 ) .  In other words, it produces the “primary” 
parity equations. 

Orthogonality to an input u j ( t )  requires zeroes in the vector 

f T  = oTR (33)  

To eliminate all occurrences of uj takes n + 1 appropriately- 
positioned zeroes: that is, n + 1 homogeneous equations on the 
elements of uT. This adds to the original n homogeneous equa- 
tions and reduces the number of free elements. The total number 
of variables, inputs and ouputs, to which a parity equation may 
be made orthogonal, is m - 1. 

Orthogonalization to inputs implies manipulations with col- 
umns of matrix R.  The good behavior of these columns in gen- 
eral is not guaranteed. Irregularities in matrix R (zero column 
or linear dependence) may lead to the abortion of the procedure 
or to orthogonality to more variables than intended. In either 
case, the desired parity equation is not attainable. 

If each parity equation is orthogonal to exactly m - 1 vari- 
ables, the set of equations is called “row canonical,” meaning 
that each equation has the same number of zeroes, each in a dif- 
ferent configuration. A row-canonical structure has no direct 
bearing on deterministic or statistical isolability but may be 
advantageous in generating models that possess those proper- 
ties. This will be explored in the next section. 

Note that the procedure described above makes no distinction 
between accessible (measured or controlled) inputs and additive 
plant disturbances. This is desirable since orthogonalization is to 
apply to the latter as well. For the computation of residuals, 
however, the disturbance variables have to be dropped from the 
resulting equations. 

Generating Diagnostic Models 
As described earlier, a diagnostic model is a consistent set of 

parity equations. For isolability, the model should be in the 
appropriate column canonical structure. There is a combinato- 
rial multitude of models satisfying this requirement. The selec- 
tion can be made on the basis of a combination of performance 
measures, including 

Sensitivity condition 
Maximum (or average) sensitivity number 
Partial robustness measures 

The sensitivity condition and partial robustness measures 
characterize single parity equations. When the equations form a 
diagnostic model, the poorest performer determines the model 
performance. The maximum (or average) sensitivity number, by 
specifying the necessary threshold adjustment for the design of 

residual filters, influences the detection delays. In a diagnostic 
model, the isolation decision is held up until the slowest equation 
detects a threshold passing (meanwhile, the failure signature is 
undefined). Therefore, equations with smaller and/or uniform 
delays should be preferred in the design. 

Some of the above measures may be used to reduce the set of 
useful equations by setting limits on the acceptable performance 
while others may serve as a basis for optimization. The larger 
the set of parity equations, the more flexibility the designer has 
in selecting the diagnostic model. 

A reasonable design strategy is to set limits on the sensitivity 
condition (and perhaps the maximum sensitivity number) and 
eliminate the outlying equations, then perform optimization, 
constrained to satisfy the structural requirements, over the 
reduced set with respect to different partial robustness mea- 
sures. This leads to a family of diagnostic models, each column 
canonical and within the prescribed sensitivity limits, and each 
one optimally robust within those constraints relative to a 
selected parameter uncertainty. 

As the first step of model design, the complete set of parity 
equations is to be generated. To simplify the design problem, 
only row-canonical equation structures are considered. For m 
outputs and k inputs, there are 

(34) 

such structures. However, as mentioned before, zeroes and 
linear dependences in the system matrices may render some of 
the parity equations unattainable and thus irrelevant to model 
generation. Even so, apart from trivially small systems, the 
attainable set may be quite extensive (for example, for m = 4 
and k = 6, P = 120; but form = 6 and k = 8, P = 2184). 

Subsequently, the selected performance measures are com- 
puted for each equation. If limits are set for some of the mea- 
sures, then the set is reduced by eliminating the outlying equa- 
tions. The remaining set is then ordered according to the 
measure chosen as a basis for optimization (if there are a num- 
ber of such measures, the same number of ordered sets is 
formed). 

Optimization for a selected performance measure within the 
framework of isolability requires a search over the available (re- 
duced) set of equations under the constraint of column-canoni- 
cal model structure. Two approaches will be discussed below. 
One implies a global search over the set; this guarantees the 
optimality of the model, but its computational cost may be pro- 
hibitive. The other approach utilizes a local search procedure; 
this is computationally attractive, but may lead to a local opti- 
mum. 

When forming column-canonical models of row-canonical 
equations, the number p of equations in the model and the num- 
ber s of zeroes per column have to satisfy the following relation- 
ships: 

p ( m  - 1 )  = s(m + k )  

t ) w n + k  (35) 

Here the equation simply expresses that the total number of 
zeroes i n  the rows is identical with that in the columns while the 
inequality guarantees that a sufficient number of different col- 
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umns may be created. While there are many possible solutions, 
the one yielding the simplest diagnostic model is to be sought. 

The numerical coefficients of the parity equations are needed 
for the performance computations, but not for the subsequent 
search. The memory requirements of the algorithm may be 
reduced significantly, if the coefficients are not stored, only the 
equation structure and the performance measures. 

Global search procedure 
The global search procedure operates on the ordered set of 

equations starting with the best performers. The first p equa- 
tions are selected and checked for column structure. If this sub- 
set is column canonical, it represents the best model. Otherwise, 
the investigated subset is expanded to include the first p + 1 
equations. All the possible p-tuples are  formed and checked for 
column structure; if any of them qualifies, it is declared as the 
best model. Otherwise, the subset is expanded t o p  + 2, p + 3, 
etc. equations, until the first column-canonical p-tuple is found. 

Some savings in the search results from the observation that 
the p-tuples to be checked always contain the last equation 
(since all possibilities without the last equation have been 
exhausted before). Thus in the stage when the investigated sub- 
set contains p + i equations, the number of p-tuples to be 
checked is (:?',- ') while the total number of p-tuples checked 
up to and including this ith stage is (;+'). This number may 
grow extremely large if a column-canonical model is not found 
early in the search. Though usually there is a combinatorial 
number of suitable structures, since the equations are ordered 
according to performance measures (that depend on numerical 
coefficients), their distribution over the set of equations does not 
follow any predictable rule. Therefore there is no guarantee that 
the first suitable model would be found sufficiently early. (For 
example, with m = 4 and k = 6 ,  covering one quarter of the 
equation set would require checking of about 3 x 10' model 
structures, that is quite feasible to handle. With m = 6 and k = 

8, going over 2% of the list implies only about 2 x lo6 models but 
covering 10% imples 4 x lo2', that is obviously not tractable by 
the present-day computer technology.) 

Local search procedure 
The local search procedure starts from an arbitrary column- 

canonical model and uses a series of systematic row replace- 
ments to improve its performance while maintaining the col- 
umn-canonical structure. 

The procedure utilizes the concept of structural distance 
between row-canonical equations. Interchanging a 0 and a 1 in 
an equation structure with m - 1 zeroes results in another struc- 
ture with the same number of zeroes. The minimum number of 
such 0-1 interchanges needed to bring one structure into 
another is called the structural distance between the two equa- 
tions. For example, the structural distance between I 1  I100 and 
1 1 1010 is one, while between 11 1100 and 001 1 1  1 it is two. The 
distance can be conveniently obtained by halving the number of 
1's in  the exclusive OR of the two boolean patterns. The maxi- 
mum possible distance in a system with k inputs and m outputs 
is mirz [ k  + I ,  m - I ] .  For a set of equations, a distance matrix 
may be set up, at least conceptually, showing the structural dis- 
tances between all possible pairs. 

Gilten any column-canonical initial model, the equation with 
the poorest performance measure is selected for replacement. In 
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the basic form of the algorithm, only equations with distance 1 
from the original equation will be considered as substitutes; 
there are ( k  + 1) x (m - 1 )  such potential substitutes for any 
equation. The search starts with the distance 1 substitute that 
has the best performance. The candidate substitute equation 
disqualifies if it is already a member of the model or if its perfor- 
mance is worse than that of the equation to be replaced. 

Replacing a single equation would spoil the column-canonical 
structure; a complementary replacement is necessary to restore 
it. There may be several equations in the initial model that, if 
appropriately replaced, restore the structure. For each of these, 
a distance 1 substitute is sought, with the best possible perfor- 
mance, and the one with the best overall performance is then 
chosen. A candidate for complementary substitute disqualifies if 
it is already in the model or if its performance is worse than that 
of the equation originally replaced (is.,  of the worst equation in 
the initial model). If no suitable complementary substitute is 
found, the original replacement has to be modified, moving to 
the substitute equation with the next best performance. 

Once the equation with the poorest performance has been 
successfully replaced, the procedure is repeated for the worst 
equation in the resulting model and so on. The search stops if no 
distance 1 replacement (with distance 1 complementary re- 
placement) can be found for the worst equation in the latest 
model. 

Since the search is limited to distance 1 replacements, it may 
easily stop in a local optimum. Convergence toward the global 
optimum can be improved by allowing distance 2, 3, etc. re- 
placements, preferably once all the distance 1 replacements 
have been exhausted. (In fact, after a higher distance replace- 
ment, a series of distance 1 steps may become possible again.) 
This, however, requires a significantly more complex algorithm; 
especially the complementary replacements become rather com- 
plicated. 

The column-canonical initial model needed to start the search 
may be generated according to some arbitrary symmetrical pat- 
tern. If it turns out tocontain equations that are unattainable for 
the given system, other symmetrical patterns may be attempted. 
Alternatively, the unattainable equations may be assigned some 
very poor (arbitrary) performance measures, thus making them 
the first candidates for replacement. 

Further design considerations 
The procedure to design isolabile diagnostic models with 

implied sensitivity and robustness considerations is rather com- 
plex and cannot be completely automated. At some points, the 
human designer has to interact with the design program and 
make certain decisions. These require a good understanding of 
the meaning of different design parameters and of the implica- 
tions of modifying them. 

One of the decisions is related to the truncation values of the 
different performance measures. If truncation does not leave a 
sufficiently large equation pool for model selection, then the 
designer may want to relax the truncation values or otherwise 
modify the specification (e.g., by relaxing some nominal failure 
sizes). 

A deeper issue concerns the trade-off between sensitivity and 
detection/isolation delay and imples such considerations as the 
selection of the sampling interval and residual filtering. With 
the discretized model and the noise situation given, the residual 
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variances follow; these, with a selected false alarm ratio, deter- 
mine the test thresholds. However, the choice of the sampling 
interval influences the parameters of the discretized model and 
has a significant effect on the thresholds and sensitivities. 
Increasing the sampling interval, in general, leads to smaller 
residual variances and better sensitivity numbers (while leaving 
the sensitivity conditions uneffected) a t  the expense of slower 
reaction to failures. Filtering of the residuals is another way of 
improving failure sensitivity, again at  the expense of delayed 
detection/isolation. While a longer sampling interval affects the 
entire model, residual filters are designed separately for each 
parity equation, tailored to the conditions of the particular equa- 
tion. However, filtering does not distinguish between failure and 
modeling error, unless they are in different frequency ranges; 
improvements in failure sensitivity are usually accompanied by 
deterioration of modeling error robustness. 

The partial robustness design concept described in this paper 
has, of course, certain limitations. Any diagnostic model is opti- 
mized only for some selected modeling uncertainty in a selected 
operating point. The behavior of models under different circum- 
stances may be analyzed and the thresholds increased, if neces- 
sary, to improve modeling error robustness; this, however, would 
adversely effect failure sensitivity. An important implication of 
isolable model structures is that they provide a certain kind of 
inherent robustness against modeling error effects as well, in 
that it is extremely unlikely that modeling errors would lead to 
any valid failure signature and thus be misinterpreted as a par- 
ticular failure. With multiple parallel diagnostic models, if 
designed with realistic modeling error situations in mind, there 
is a good chance that one or more of the models is also suffi- 
ciently shielded from modeling error effects and thus provides a 
clear failure indication at  any given time. The combination of 
incomplete and/or contradictory evidence from parallel models 
has been the subject of a related research effort (Gertler and 
Anderson, 1989). 

As pointed out earlier, the global search for the best diagnos- 
tic model (under a selected performance measure) may easily 
become cornputationally intractable because of the combinato- 
rial nature of the problem. The local search procedure intro- 
duced in this paper is computationally efficient and places prac- 
tically no limitation on the size of systems that can be dealt with, 
but it does not guarantee the optimality of the solution. As in 
many other engineering problems, one may have to settle here 
for acceptability (instead of optimality); if the designer is not 
satisifed with the performance measures of a locally optimal 
model, a new local search may be initiated from a different arbi- 
trary initial set of equations. The local search procedure may be 
improved a t  the expense of increased computational complexity, 
by allowing higher distance replacements or by including some 
annealing technique. 

Design Example 
The design procedure will be demonstrated on a distillation 

column model (Takamatsu et al., 1979). The column has nine 
plates. The flow rate of the reflux and of the vapor stream are 
controlled based on the liquid composition at  the second and 
ninth plate. Variations in the feed flow rate and composition are 
unmeasured disturbances. 

The plant is described by a linear state-space model, obtained 
by linearization around a nominal steady-state operating point. 
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The model has the following properties: 
Eleven state variables 

distillate composition 
nine plate compositions 
bottom product composition 

u l ( r ) :  reflux flow rate 
u2( t ) :  vapor stream flow rate 

u,(t): feed stream composition 
u4(t):  feed stream flow rate 

yI ( t ) :  distillate composition 
y2( t ) :  bottom product composition 

Two controlled inputs 

Two disturbance inputs 

Two outputs 

All variables in the linear model are changes relative to the nom- 
inal steady-state operating point. The main characteristics of 
the nominal operating point are summarized in the Appendix. 

The Eigenvalues of the continuous-time state-space model are 
all real and range from 0.02 l/min to 3.3 I/min, corresponding 
to time constants between 50 min and 0.3 min. The model was 
discretized using a 8-min sampling interval. Shorter sampling 
intervals would Iead to poor sensitivity performance of the parity 
equations; much shorter ones also lead to numerical difficulties 
in the discrete representation. The resulting values for the dis- 
crete system matrices A and B (cf. Eq. 1 )  are also given in the 
Appendix. Of the other matrices, D = 0 and L = I .  

With k = 4 inputs and m = 2 outputs, there is a total of ( f )  = 

6 row-canonical equations, that is a trivially simple system. Two 
of the plate compositions are sensed and used for control; consid- 
ering these as additional outputs would lead to a system with k = 

4 inputs and m = 4 outputs, resulting in a total of (!) = 56 row- 
canonical equations. Such a selection of parity equations may 
still be insufficient to allow a full-blown design for a combina- 
tion of sensitivity and robustness measures. To demonstrate the 
potentials of the methodology, let us include two more state vari- 
ables as outputs. Thus there is a total of six outputs: 

y , ( t ) :  composition of the distillate 
y 2 ( t ) :  liquid composition on the 2nd plate 
y , ( t ) :  liquid composition on the 4th plate 
y 4 ( t ) :  liquid composition on the 7th plate 
y 5 ( t ) :  liquid composition on the 9th plate 
y 6 ( t ) :  composition of the bottom product 

The corresponding C matrix is shown in the Appendix. Now 
with k = 4 inputs and m = 6 outputs, the full row-canonical set 
contains (lo) = 252 parity equations. The smallest column- 
canonical model that may be formed of these equations consists 
of p = 6 rows (equations) with s = 3 zeroes per column. 

The system, sensor and actuator noises are  all assumed to be 
normal, white (uncorrelated in time) with zero mean and inde- 
pendent of one another. Their variances were established 
(guessed) on the basis of the character and nominal value of the 
variables. The nominal detectable failure sizes were specified 
using similar considerations. The noise variances and nominal 
failures are shown in Table 1. Of course, the validity of the 
selected values may be argued: they might be placed on a more 
solid ground utilizing detailed process knowledge and noise 
measurements. 

The test thresholds are set a t  four times the standard devia- 
tion of the respective residual. 

As uncertain underlying parameters, the two columns of the 
B matrix that belong to the control inputs have been chosen. 
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Table 1. Noise Variances and Nominal Failures* 

Noise Nominal 
Variance Failure 

- State Variables 1 x 
Inputs 

i l l  6.76 x I O - ~  0.75 
U t  11.70 x lo-' 0.75 

0.02 u3 
0.50 u4 

Yl  4 x  0.025 
Y2 4 x  0.025 
Y3 3 x 0.025 
Y4 2 x  0.010 
Y5 1 x 0.010 
Y6 1 x 0.010 

- 
- 

outputs 

*All units conform with Appendix 2. 

This choice is supported by the common understanding that 
under linearization the model gains may be a t  error if we depart 
from the nominal operating point. One full column a t  a time is 
assumed to have modeling error, the same 10% for each element. 
Robustness is investigated a t  the temporary operating point 
characterized by 

u I ( t )  = 1.30 ~ 2 ( t )  = 1.74 

that corresponds to a 10% departure from the nominal steady- 
state operating point. 

The design program generates the full row-canonical set of 
252 parity equations. Also, for each equation, the following 
measures are computed: 

Test threshold ti 
Sensitity condition K~ 
Maximum sensitivity number Xi,, 
Robustness measure bj, relative to the first column of B 
Robustness measure piz relative to the second column of B 

The sensitivity condition K~ for the 252 equations ranges from 
1.35 to 1.4 x 10'. The extremely high sensitivity conditions 
apparently signify unattainable equations; excess zeroes are  
checked numerically in the transformation procedure and com- 
putational inaccuracies may cause some zero coefficients seem 
nonzero. The maximum sensitivity number Xi, ranges from 
1.23 to 8 x 10'; the extremely high numbers appear in the equa- 
tions that have very high condition numbers as well. Choosing 
15 as the maximum acceptable sensitivity condition reduces the 
number of useful equations to 97, with a Aimax range of 1.23 to  

Table 2. Globally-Optimal Model for Sensitivity Condition K~ 
Xi,, < 25 

Table 3. Locally-Optimal Model for Sensitivity Condition K~ 
Xj,, < 25 

Structure 

outputs Inputs K i  

0 1 1 1 0 0  1 0 0 1  1.819 
0 0 0 1 1 0  1 1 1 0  1.841 
0 1 0 0 0 1  1 1 0 1  3.126 
1 0 0 0 1 1  0 1 0 1  5.112 
1 0 1 1 0 1  0 0 1 0  8.055 
1 1 1 0 1 0 0 0 1 0 10.650 

L u x  Ffil ~ f i 2  

1.572 0.175 0 
9.352 0.169 0.171 
1.579 0.098 0.135 
4.958 0 0.103 
2.914 0 0 
5.504 0 0 

11 5. Eliminating also the equations for which hima, > 25 leaves 
72 equations. 

A sensitivity number exceeding 1 indicates that the concerned 
fault, occurring at  its nominal size, would not trigger the test on 
the concerned residual. In order to reduce the thresholds the 
residuals are filtered. The new thresholds are selected as 

This way, the minimal and maximal responses to nominal size 
failures are symmetrical relative to the threshold in any equa- 
tion. 

Residual filtering does not change the sensitivity condition, 
but it does modify the robustness measures. Therefore, before 
optimization for robustness, the robustness measures w F j l ,  pFiz 
for the filtered residuals were computed, only for the 72 equa- 
tions with K~ < 15 and Xi, < 25. The filtered robustness mea- 
sures range from 1.6 x lo-' to 0.538 relative to uncertainties in 
the first column of the B matrix and from 1.3 x to 0.541 
relative to those in the second column. (The reader should be 
reminded here that these are  inverse robustness measures: the 
smaller the number, the better the performance.) The extremely 
small, but nonzero, values are due to computational inaccura- 
cies; for any equation that does not contain the first (second) 
input variable, the robustness measure relative to the first (sec- 
ond) column should be zero. The truly nonzero values span from 
0.055 to 0.538 and from 0.065 to 0.541, respectively. 

Both a global and a local search was performed, the latter ini- 
tiating from an arbitrary column canonical model, over the 72 
equations with the sensitivity condition K~ as performance index. 
The results are shown in Table 2 and 3. As can be seen, the sen- 
sitivity condition of the worst equation is almost twice as large in 
(this particular) local optimum than in the globally-optimal 
model. However, the global optimum took about an hour of 

Table 4. Locally-Optimal Model for Robustness Measure pFil  
XimX < 25 

Structure Structure 

outputs Inputs 

0 0 0 1 1 0  1 1 1 0  
0 0 1 0 0 1  1 0 1 1  
0 1 0 1 0 0  1 1 0 1  
1 1 1 1 1 0  0 0 0 0  
1 0 1 0 1 1  0 0 1 0  
1 1 0 0 0 1  0 1 0 1  

Ki  

1.841 
3.285 
4.1 19 
4.550 
5.950 
5.967 

h M ,  PFll 

9.352 0.169 
9.139 0.139 
5.504 0.265 
5.439 0 
6.338 0 
1.843 0 

PF12 

0.171 
0 

0.114 
0 
0 

0.095 

outputs Inputs Ki  hm, FF,I Pfi2 
~~~ ~~ 

1 1 1 1 1 0 0 0 0 0 4.550 5.439 0 0 
1 0 0 1 1 0 0 1 0 1 3.837 7.058 0 0.179 
0 1 1 0 1 1 0 0 1 0 6.526 2.154 0 0 
1 0 1 0 0 0 1 0 1 1 13.200 23.190 0.055 0 
0 1 0 0 0 1 1 1 0 1 3.126 1.579 0.098 0.135 
0 0 0 1 0 1 1 1 1 0 2.142 13.620 0.157 0.159 
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Table 5. Evolution of Robustness Measure pFil over 
Local Search 

Eq. Initial 1st Step 2nd Step 3rd Step 4th Step 

1 0 0 0 0 0 
2 0 0 0 0 0 
3 0 0 0 0 0 
4 0.139 0.139 0.055 0.055 0.055 
5 0.169 0.169 0.169 0.098 0.098 
6 0.265 0.199 0.172 0.169 0.157 

mainframe computer time to find while the local optimum was 
found in about a minute. 

A local search was performed with the first robustness mea- 
sure wFi, as performance index, starting from the model globally 
optimal for the sensitivity condition. The resulting model is 
shown in Table 4. The evolution of the robustness measures over 
the four steps of the local search procedure is demonstrated in 
Table 5. 

Local search was also attempted, using the same initial model 
as above, for the second robustness measure wFi2 and the maxi- 
mum sensitivity number Aimax but no improvement could be 
achieved. With a different (arbitrary) initial model, the local 
search procedure yielded an improved model for Ximar as shown 
in Table 6. 

As the final step of the design procedure, the equation coeffi- 
cients for the optimal diagnostic models are  computed. The 
coefficients are polynomials in the shift operator. The maximum 
degree of the polynomials depends on the order of the system 
and the number of outputs in the particular equation. For the 
1 1 th-order system at  hand with one to five outputs in the equa- 
tions this maximum degree ranges from 7 to l l .  The polynom- 
ials obtained by computation are generally of lower degree than 
these maxima. 

Conclusion 
A methodology has been introduced to design robust diagnos- 

tic models for complex systems described by linear discrete 
dynamic equations. The models consist of sets of parity equa- 
tions that are rearranged and transformed versions of the input- 
output equations. 

The design methodology is built around the concept of isola- 
bility and a set of equation performance measures. The isola- 
bility concept leads to a structural constraint on the dignostic 
model, expressed in terms of the position of zeroes in the parity 
equations. The performance measures characterize the sensitiv- 
ity of each parity equation relative to different failures and the 

Table 6. Locally-Optimal Model for Max. 
Sensitivity Number Xi,,,,.; Aillux < 25 

Structure 

outputs Inputs K i  Aim, SF~I  KW 

0 1 1 1 0 0 1 0 0 1 1.819 1.572 0.175 0 
0 0 I 0 1 0 1 1 0 1 2.550 1.990 0.109 0.325 
1 1 1 0 I 0 0 0 1 0 10.650 5.504 0 0 
1 0 0 1 0 1 0 1 0 1 5.746 6.377 0 0.218 
0 1 0 0 0 1 1 1 1 0 6.275 6.557 0.434 0.437 
1 0 0 1 1 1 0 0 1 0 7.691 6.728 0 0 

robustness of the same with respect to uncertainties in an 
underlying model. 

In general, there is a large number of parity equations that 
can serve as elements for a diagnostic model and a combinato- 
rial multitude of models that satisfy the structural require- 
ments. By placing limits on some of the performance measures, 
the set of useful equations may be reduced considerably. Some 
other performance measures may be chosen as optimization cri- 
teria in a model search over the reduced set under the structural 
constraint. With an increasing system size, the design flexibility 
grows significantly, together with an approximately linear 
growth in the computational cost. 

The potentials of the design methodology and the program 
package implementing it have been demonstrated on the linear- 
ized, 1 lth-order model of a distillation column with four inputs 
and six outputs. 
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Appendix: Residual Variance under Filtering 
Consider a parity equation driven only by noise (cf. Eq. 12) 

r i ( t )  = f ; . ( z - ' ) b q ( t )  - e, . (z- ' )w(t)  ( A l l  

where 6 q ( t )  has rn + k elements and w ( t )  has u elements and 

.&.(z-l) =hi. +f t i . z - l  + - - +f,..z-" 
ei . (z- ' )  = eoi. + e,,.z-' + - - - + eni.z-" (A2) 

are the ith row of F(z- ' )  and E ( z - ' ) ,  respectively. The residual 
r i ( t )  is filtered by a second-order filter (cf. Eq. 15). 

Table A l .  Steady-State Operating Point 

Flow Rare 
Feed 
Distillate 
Bottom Product 
Vapor Stream 
Reflux 

Liquid Composition 
Feed 
Condenser 
2nd Plate 
4th Plate 
7th Plate 
9th Plate 
Reboiler 

10.00 mol/min 
4.35 mol/min 
5.65 mol/min 

17.40 mol/min 
13.05 mol/min 

0.54036 
0.90000 
0.7221 1 
0.5 2804 
0.32005 
0.16772 
0.10400 

4.4963e-01 
6.321 7e-03 

2.4238e-02 

3.548 le-01 
4.61 53e-02 

2.3444e-0 1 
6.5078e-02 

1.2495e-01 
7.2308e-02 

7. I700e-02 

3.4000e-02 
9.7 I05e-02 

4.4 I8 Ic-01 

5.1252~-02 

2.0373e-02 
1.0538e-01 

1.0758e-02 
9.1788e-02 

4.5565e-03 
6.2542e-02 

7.0824e-04 
3.0599e-02 

8.8870e-02 
3.2826e-03 

1.1755e-01 
1.46 17e-02 

1.2407e-01 
3.0182e-02 

1.0361e-01 
4.6540e-02 

6.6982e-02 
5.7060e-02 

3.3281e-02 
6.3 I 17e-02 

2.6222.~-02 
9.1320e-02 

1.8247e-02 
I ,047 1 e-0 1 

1.091 Oe-02 
9.6593e-02 

5.1 105e-03 
7.1 1 1 5e-02 

1.0079e-03 
4.0551e-02 

~~ 

Table A2. 

6.41 23e-02 
1.6940e-03 

1.1147e-01 
8.5404e-03 

1.3976e-01 
1.8879e-02 

1.3196e-01 
3.1396e-02 

9.4014e-02 
4.1805e-02 

5.1873e-02 
5.0663e-02 

4.4861e-02 
7.7731e-02 

3.3854e-02 
9.4393e-02 

2.1669e-02 
9.3233e-02 

1.0769e-02 
7.5497e-02 

2.4740e-03 
5.0524e-02 
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Assume that b q ( t )  and w ( t )  are  white, independent of each other 
and, separately, have normal multivariate distributions with 
zero mean and known covariances S, and S,, respectively. Then 
the variance of rFi(t)  may be computed the following way 
(Gertler et al., 1981): 

Here sqjl and swjl are thej l th  elements of S, and S,, respectively, 
and rijr and wijr are elements of the matrices Hi and Qi, computed 
as 

1 0 0  I Y I 1 0 0  
I 

- 
0 

1 

2 

- ' 1 0 0 1 .  

* Y I  1 0  

Y2 Yl 
0 1 2  . . . . .  n 

2.6130e-02 1.2237e-02 4.2937e-02 
7.9448.2-04 1.2263e-03 

9.4334e-02 6.9634e-02 3.9503~-02 
4.4300e-03 8.6760e-03 

1.3372e-01 1.0878e-01 6.8529e-02 
1.0390e-02 2.3703e-02 

1.388%-01 1.2346e-01 8.7 199e-02 
1.8521e-02 5.0610e-02 

1.08 13e-01 1.0607e-0 1 8.6 128e-02 
2.6731e-02 8.9454e-02 

6.6890e-02 7.5434e-02 7.42 16e-02 
3.5654e-02 1.4903e-01 

5.8652e-02 2.8496e-01 

5.290 1 e-02 7.4053e-02 9.3528e-02 
7.6958e-02 4.3577e-01 

3.65 19e-02 5.5521e-02 7.6822e-02 
8.3604e-02 5.5560e-0 1 

1.9454e-02 3.2058e-02 4.882 I e-02 
7.6491e-02 5.9897e-01 

5.3533e-03 1.0803e-02 2.0550e-02 
6.03 16e-02 5.5732e-01 

I 
A Matrix 

6.41 05e-02 8. I324e-02 9.2072e-02 
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Distillation column data in the design example  are shown in 
Tables A1-A4 on pp. 1867-1868. 

I Table A3. B Matrix 

If the covariance matrices S, and S, are diagonal, Eq. A4 sim- 
plifies to 

m+k 

var k d t ) )  = T,,, var {Gq,(t)l + w,,, var {w,(t)l (A81 
1-1 , -I  

with 

n n n  

x i j j  = (1 + + ~ 2 ) ~  E x x d o p + ( g - p ) h f g i j h i j  ( ~ 9 )  
p - 0  g - p  h-0 

n n n  

Wij j  = (1 + ?'I f Y Z ) ' I  dOp+(g-p )heg i j eh i j  (A1O) 
p-0 g-p  h-0 

where fg i j  and eg, are the j t h  element of hi. and e g i . ,  respec- 
tively. 

minfmol 

4.8246e-03 
1.6355e-02 
2.4180e-02 
2.6420e-02 

2.3048e-02 
1.7560e-02 
2.0 I 32e-02 
2.0736e-02 

I .8229e-02 
1.2688e-02 
5.4799e-03 

___-- 
min/mol 1 min/mol 

-3.6506e-02 
- 1.2492e-02 
- 1.8772e-02 
- 2.1 106e-02 

- 1.9381e-02 
- 1.6560e-02 
-2.1573e-02 
- 2.3960e-02 

- 2.2040e-02 
- 1.5774e-02 
- 7.01 02e-03 

1.3907e-02 
6.9663e-02 
1.5828e-01 
2.7959e-01 

4.1293e-01 
5.8752e-01 
4.8018e-01 
3.53 73e-0 1 

2.2581e-01 
1.1385e-01 
2.8499e-02 

6.95 12e-05 
4.2344e-04 
1.0761e-03 
2.15 15e-03 

3.6167e-03 
5.8606e-03 
1.1221 e-02 
1.4566e-02 

1.4488e-02 
1.0883e-02 
5.0742e-03 

Table A4. C Matrix 
1 0 0 0 0 0 0 0 0 0 0  
0 0 1 0 0 0 0 0 0 0 0  
0 0 0 0 1 0 0 0 0 0 0  
0 0 0 0 0 0 0 1 0 0 0  
0 0 0 0 0 0 0 0 0 1 0  
0 0 0 0 0 0 0 0 0 0 1  
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